
CONVECTIVE HEAT TRPNSFER IN CHANNELS 

HAVING VARIOUS CROSS SECTIONS 

B.  B.  P e t r i k e v i c h  U12C 536.25 

A method is p roposed  for  ca lcula t ing  s y m m e t r i c  and n o n s y m m e t r i c  convect ive heat  t r a n s f e r  
in channels  having var ious  c r o s s  sec t ions .  The turbulence  model  is based on a s t a t i s t i c a l  
approach  to the de t e rmina t ion  of the turbulence  c h a r a c t e r i s t i c s .  A z e r o - g r a d i e n t  type r e -  
la t ionship  is e s t ab l i shed  between the kinet ic  energy of the pulsat ion motions and the Reynolds 
s t r e s s e s .  

Modern equipment  c a r r y i n g  heavy heat  loads gene ra l ly  employs  flat,  annular ,  or tubular  channels 
for  cooling. Owing to the l a rge  t leynolds  numbers  of the flow and the r e l a t i ve ly  shor t  channels the re  is 
undeveloped turbulent  flow over  a s ignif icant  pa r t  of a channel.  Moreover ,  the h e a t - t r a n s f e r  condition 
may  cause  the channel wal ls  to be at  d i f ferent  t e m p e r a t u r e s ,  producing flow a s y m m e t r y ,  or  the re  may  be 
va r i a t i on  in the t e m p e r a t u r e  of the wai ls  along the length of the channel.  Thus it is not always poss ib le  to 
use  the f a m i l i a r  expe r imen ta l  r e l a t ionsh ips  in h e a t - t r a n s f e r  ca lcu la t ions .  A suff ic ient ly  wel l - founded t u r -  
bulenee model ,  pe rmi t t i ng  de t e rmina t ion  of heat  and momentum t r a n s f e r ,  must  be used when we dev i se  
n u m e r i c a l  methods for the ca lcu la t ions .  

Here  w e  shal l  cons ide r  a turbulence  model  based  on a s t a t i s t i c a l  approach to the de te rmina t ion  of 
the turbulence  c h a r a c t e r i s t i c s .  The equation s y s t e m  de s c r i b i ng  convective heat  t r a n s f e r  for two-d imen-  
s ional  flow of a viscous non iso thermal  fluid includes the continuity equation 
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An addi t ional  condition for  fluid flow in a c losed channel r e q u i r e s  that the flow ra te  be constant:  

h 

f Or ~gU . 
--I, - - -Ox- - -  dr := O. (4) 

For  a fiat  channeI cp = 0. 

The pulsa t ion  components  occur  in (2) and (3) because  the sy s t em (1)-(3) [s not c losed.  The concept 
of the turbulent  v i s cos i ty  

E . -  - - 9 u ' u '  (5) 
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Fig. 1. Variat ion of integral  turbulence  sca le  over  flow width: the dots 
co r r e spond  to the exper imenta l  data of Conte Bellot  (channel), Favre ,  
et al .  (plate), and Zakharov,  et al.  (plate). 

Fig. 2. Coefficient A as function of turbulence Reynolds number ;  the 
dots co r respond  to the exper imen ta l  data of Laufer  (channel), Laufer  
(tube), Conte Bellot (channel), Klebanov {boundary layer) ,  Favre ,  et al .  
(boundary layer) ,  and Bradshaw (boundary layer) .  

is now widely used in de te rmina t ion  of the Reynolds s t r e s s e s  in (2); it is a s sumed  to depend on e i ther  the 
local  ave r age  flow c h a r a c t e r i s t i c s  [1, 2] or the local pulsat ion flow c h a r a c t e r i s t i c s  [3], or  on both [4]. 

The analogy between the t r a n s f e r  of heat and momentum is ordinar i ly  used to de t e rmine  the pulsa-  
t ion flow of heat in (3) by introducing the turbulence Prandt l  number  

r E  (6) 
Prr -- _. Ov-7~ / _~T& 

As we see  f rom the gradient  r ep re sen ta t i on  of the Reynotds s t r e s s e s  (5), the ex t r ema  of the mean  veloci ty  
should eor resp0nd  to the zeros  of these  s t r e s s e s .  Exper imenta l  invest igat ions [5] of n o n s y m m e t r i c  flows 
have shown, however ,  that the Boussinesq hypothesis  is inapplicable to such flows. 

Other approaches  have recen t ly  been used to de sc r i be  the turbulence  mechan i sm.  They make it pos-  
s ible  to avoid the Bouss inesq  hypothesis  and to es tab l i sh  d i rec t  re la t ionships  between the turbulence  cha r -  
ae t e r i s t i e s ;  we shall  make  use  of just  such an approach  here .  Following the ideas of [6], we wri te  the 
Reynolds s t r e s s e s  in the fo rm 

- -  pu'v' .= pAEy, (7) 
3 

where  E = 1/2 ~ ui2 is the turbulence intensi ty which when mult ipIied by the densi ty  equals the kinetic 
i = l  

energy  of the pulsat ion motions;  the in te rmi t tence  coefficient  2/ [7] al lows for  t he diffusion of I a r g e - s c a l e  
vo r t i ces  ca r ry ing  Reynolds s t r e s s e s  of opposite sign n e a r  the channel axis .  The propor t iona l i ty  fac tor  A 
in [8] is a s sumed  to be constant  over  the flow width and equal to 0.15. In [9] A is taken to equal 0.3, a l -  
though doubt is e x p r e s s e d  as to the validi ty of this assumpt ion .  

He re  we shall  take A to be a function of the turbulence  Reynolds number  RT = r const ructed 
f r o m  the local turbulence c h a r a c t e r i s t i c s .  F igure  1 shows the way in which the integral  turbulence sca le  
L va r i e s  over  the flow width. Here  y is the dis tance f rom the channel axis;  6 is the dis tance f rom the 
wall at which the veloci ty  u becomes  equal to 0.995 t imes  its m a x i m u m  value. F igure  2 shows the fo rm 
of the A = A(RT) rela t ionship;  it was obtained by p rocess ing  the exper imenta l  data of var ious  authors .  
The turbulence intensi ty E is found f rom the pulsa t ion-mot ion  k ine t i c -ene rgy  conservat ion  equation which 
has  the following fo rm for  our case  [7]: 

,,U OE OE I 0 ( r ~  ~ OE ) 0 v'(p'-t-,pE)--- 
' Ox q- pI'. Or r* Or --dZr , Or 

As in [8], we neglect  the v ' p '  cor re la t ion ;  
propor t iona l  to the effect ive t r a n s f e r  r a t e  

, ,  0U 
- -  p u  v - - 0 7 - -  - -  p~ .  ( 8 )  

the pulsat ion diffusion of turbulence  intensi ty is a s sumed  to be 
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w h e r e  Vef = 0 . 0 7 l E T .  

F o l l o w i n g  [10] we w r i t e  the  d i s s i p a t i v e  componen t  in the  f o r m  

_ E 3.<0- 3,93 _L 0~202RT 
: :  q" (Rr) T '  q" (Rs) := Rr 

(9) 

(lO) 

In d e t e r m i n i n g  the  p u l s a t i o n  hea t  f lux  in (3) we d e c i d e d  to  avo id  i n t roduc ing  the  t u r b u l e n t  P r a n d t l  n u m -  
b e r  and to e s t a b l i s h  d i r e c t  r e l a t i o n s h i p s  be tw e e n  the  f i e lds  of h y d r o d y n a m i c  and t h e r m a l  p u l s a t i n g  quan t i -  
t i e s ,  a l s o  t ak ing  into accoun t  the  kind of f lu id  (its P r a n d t l  n u m b e r  P r ) .  F o r  th is  p u r p o s e  we can  w r i t e  the  
equa t ion  fo r  c o n s e r v a t i o n  of the  p u l s a t i o n  hea t  f lux [11]. F o r  the  c a s e  g iven ,  the  s o l u t i o n  ob ta ined  in [11] 
f o r  t h i s  equa t ion  has  the  f o r m  

- -  v'0' u L,)~ �9 (0,16Rr .' 3,927) (n Qs, R, 3,927) 0T " _ _  , __:- . . . . . . . . . . . . . . . . . . . . . . .  ' . . . . . . . . .  ( 1 1 )  

9 R~ (0,48RT ] '" Pr -'- 3,14) ar 

w h e r e  R L = (L2p//~)(SU/Or) is  the  loca l  Reyno lds  n u m b e r ;  P r  : ~ C p / k  is the  P r a n d t l  n u m b e r .  

Thus by making use of the dependences of the thermophysical properties of the fluid on the tempera- 

ture and pressure we can close the system (i)-(3), (8). 

The boundary conditions for the problem given take the form 

U = V = E = O ,  T=Y,w(X).  (12) 

a t  t he  wa l l .  A f t e r  so lv ing  the  s y s t e m  (1)-(3),  (8) wi th  the  a p p r o p r i a t e  i n i t i a l  cond i t i ons ,  we d e t e r m i n e  the  
f r i c t i o n  s t r e s s e s  a t  the  wal l  by m e a n s  of the  f a m i l i a r  Newton law 

_ OU / , ( 1 3 )  
~w=~%( 0/ ] 

�9 W 

and the heat flux density at the wall from the familiar Fourier law 

' 0T 
qw = - - X w ( - ~ - r  ) w" (14) 

We m a y  w r i t e  (2), (3), (8) in g e n e r a l  f o r m  as  

a of  , b a[  __ o (c  Of \ d ~ - e [ ,  (15) 
- a - ; -  m m 

where f stands for the unknown variable for which we solve (15). The parameters a, b, c, d, e are non- 

linear in the general case and may be functions of the independent variables themselves. 

The flow region is partitioned by an orthogonal net; we consider th~ points located at the nodes of 

this net. To reduce the number of node points we carry out the calculations in a modified coordinate sys- 

tem; for a constant step it permits us to "compress" the coordinate in the r direction at the wall where 

the rate of change in f is greatest, and to "expand" this coordinate in the flow core where the variation in 

f is smoother. This corresponds to a coordinate of the form 

z == tg ~'r, (16) 

w h e r e  ~b = (~ /2 - -~ r ) /h ,  a n d ~  is the d i s p l a c e m e n t  away  f r o m  ~/2 .  

Going o v e r  to the  new v a r i a b l e ,  we w r i t e  the  d e r i v a t i v e s  wi th  r e s p e c t  to  r as  

af of - - p  
Or Oz 

o (' ar t o op a,- ,,., = t ,; - U - '  (17) 

w h e r e  p".= r + z2); q' = 2zr  

Subs t i t u t i ng  (17) into (15) we ob ta in  

af -.--p(b--c#) af a (c a/ ~ a . . . .  P>" ~ - ~ I - i - d - . e l .  (18) 
c)~x-- \ oz ) 
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Fig .  3. V e l o c i t y  p r o f i l e  o v e r  s t a b i l -  
i z ed  s e c t i o n  of t u r b u l e n t  f low; s o l i d  
cu rve )  c a l c u l a t e d ;  do ts )  e x p e r i m e n -  
t a l  da ta  of N i k u r a d z e ,  Motzfe ld ,  Shu, 
R e y c h a r d ,  Conte  B e l l o t :  1) u / u ,  
= ( h - - y ) u , p / # ;  2) u / u ,  = 5 . 5 1 o g [ ( h  
- - y ) u ,  p /# ]  + 5.5. 

We r e p l a c e  the  d i f f e r e n t i a l  o p e r a t o r s  in (18) by f i n i t e - d i f f e r -  
ence  a n a l o g s ,  u s ing  the  i m p l i c i t  s c h e m e  

Of t ' ~ =  1 (f, '~--fiL~), 
O X  In i.~ 

( O: I m I (}~+, ~ _ ,  
= - f .  -), 

\ Oz ] .  2Az 

a ( at ) l "  i ~ " * ' ,  " = /c. _~c. f,?+, 

, ~ - ,  ] 
c .  ~ �9 (fT} - f ~ 7 ' )  

2 J 

A f t e r  c e r t a i n  m a n i p u l a t i o n s  we have  

w h e r e  

% f Y - ~  + ~ f ~  + ~' ,d? +~ = G ,  

I m--I ] l ~ m rn ttz 

a~  -- 2Az p.  (b, - -  c; ~ q~) - -  ( ~ ) '  c,, + c. 
Az 

m 

[~m an '~ ' (P'~)~ (c~ '+~ - "  2c~, . . . .  l 
5 x  - -  e~ T 257. 2 

1 [ ~ m .  b . . . .  ",n, m-,1 , m "] 

%n 2Az " Az - -  I Pn ( n - - C n  qn) J 
nz 

an m 
6,, = a'd + - X x -  D,-,. 

When (2) is  e x p r e s s e d  in the  f o r m  (20 ) the  r i g h t  s i d e  looks  l ike  t h i s :  

5,*~ = am --- OP 
0x 

In w r i t i n g  (21), (22) we a s s u m e d  tha t  the  z - c o o r d i n a t e  s t e p  is  c o n s t a n t .  
s o l v e d  in e x p l i c i t  f o r m  and in n a t u r M  c o o r d i n a t e s :  

fo r  a f l a t  channe l :  

. y . m _ ,  2 (r~ ' - I  - -  r~) . . . . .  , ~ - ,  
', [(pu).  - -  (~,u),,_, = (pu) .  - -  (~u) ._ ,  ], (pV)~ = ( O ) .  4Ax 

wh i l e  fo r  an  a n n u l a r  channe l  and a round  tube  

' " (r~-1)~ - -  (r~)~ [(~)U)~'-- ( , ) . _ ,  - r  ~ , .  - -  (ou),,-, ]. (p~ r)n = (pVr)n m-1 -]- 4Ax "oU . . . .  c,ql~";-' .... ' 

Equa t ions  (20) a r e  s o l v e d  by the  f a c t o r i z a t i o n  me thod  [12]. 

( 1 9 )  

(20) 

(21) 

( 2 2 )  

The  con t inu i ty  equa t ion  (1) is  so  

(23) 

( 2 4 )  

' i c %~ - ::; ~gx i 1 

~ t 

go sp 5,0 4z s,,e I0 R:,x 

Fig .  4. C o m p a r i s o n  of c a l c u l a t e d  and  e x p e r i m e n t a l  da t a  
on hea t  t r a n s f e r ;  s o l i d  l ine)  c a l c u l a t e d ;  d a s h - d o t  l ine)  

= 0 021~~176 . ~0 2t~_.  ]D~ ~0.25 1) NUf'x " ~ f , x  f ,x  (~: equlv ,  " t~ :*I ,x- - -~w,  ; 
T0 /T  w - 1.0, 2) 0.9, 3) 0.8, 4) 0.75. P r w  = 1.8. 
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Fig.  5. Veloci ty  and t e m p e r a t u r e  
in  flat  channe l .  

r,; 

\ 

3o7,o ~, 

�9 r _ 
w I I I i 

i : i ' ~ J 
I 
i ' I J i 

Fig.  6 

p ro f i l e s  for  n o n s y m m e t r i e  flow 

Fig.  6. C o m p a r i s o n  of ca l cu l a t i ons  with e x p e r i m e n t a l  data  of [14]; 
so l id  l ine) ca lcu la ted ;  dots) e x p e r i m e n t a l  data ;  T, ~ 

We use  the condi t ion  (4) to find the unknown p r e s s u r e  g r a d i e n t  3P/Ox in (2). For  this  pu r pose  we 
r e p r e s e n t  the funct ion fn m = U m as 

0P 
, ,n . ( 2 5 )  f 2  = u,7 = t~",'; -~- K, ,  ox  

Afte r  s u b s t i t u t i n g  (25) into (20) we obta in  two equat ions  for  Wn m and I ~ :  

~. . . . .  : -  7,,~1~),~ -- Dn, (26) 
. ; , , _ 1  . l i t  

%,,K,i' " : -  J3,,~K,, ~,,,~K;; 'e~ = qs;; ~, (27) 

which a r e  so lvab le  by f ae to r i z a t i on  with zero  boundary  condi t ions .  

B e t e r m i n i n g  Wmn and Knm, we subs t i t u t e  (25) into (4) Then  we have 

5[ 

~'~ ( a , ~ _ l -  ' ) (A)  O P ,,:"~=:1 
0 X  3 ~ , 

where  umn = un^m'"m-l'rn -- r m) for  a fiat  channel  and Unto = 0m (rnm- )  (rnm)2] for  an a n n u l a r  channel  of round 

tube .  Af te r  f inding 3 P / 0 x  f r o m  (25) we d e t e r m i n e  the va lues  of m U n . Our p r o g r a m  was r u n  on a BESM-4  
c o m p u t e r .  

We used  e x p e r i m e n t a l  data and exact  so lu t ions  obtained for s i m p l e  eases  of flow to check the ca l eu -  
la t ion  method.  L a m i n a r  and t u r b u l e n t  flows of l iquids  and gases  we re  c ons i de r e d .  F i g u r e  3 shows the 
ca l cu l a t ed  ve loc i ty  p ro f i l e  over  a s t ab i l i zed  sec t ion  of an i s o t h e r m a l  t u r b u l e n t  flow in  a round  tube and a 
flat  channel .  The ca l cu l a t i ons  c l e a r l y  a g r e e  with the e x p e r i m e n t a l  data of va r ious  au tho r s .  F i g u r e  4 
shows ca lcu la t ed  data  for convec t ive  heat  t r a n s f e r  in a n n u l a r  and f lat  channels  for  t u r b u l e n t  flow of a l iquid; 
the r e s u l t s  a r e  in f a i r l y  good a g r e e m e n t  with e x p e r i m e n t a l  data p r o c e s s e d  as  well  known c r i t e r i a l  r e l a t i o n -  
sh ips  [13]. F i g u r e  5 shows data ca lcu la ted  for n o n s y m m e t r i c  flow of a l iquid in a flat  channel .  F i g u r e  6 
c o m p a r e s  ca lcu la ted  va lues  with the e x p e r i m e n t a l  data of [14] for  n o n s y m m e t r i e  heat  t r a n s f e r  of a i r  in a 
f lat  channe l .  Our ca l cu la t ions  have shown that  it is poss ib l e  to use  the method developed in ca lcu la t ions  
for  both s i m p l e  and complex  ca se s  of heat  t r a n s f e r  in channe l s  having va r ious  c r o s s  s e c t i ons .  

X ,  r 

U, V 
P 
T 
p' 

O ~ , V ~ 

p 

N O T A T I O N  

a r e  the r e c t a n g u l a r  coord ina tes  along the flow and n o r m a l  to the wall ;  
a r e  the ve loc i t i e s  a long the x and r coo rd ina t e s ,  r e s p e c t i v e l y ;  
is the p r e s s u r e ;  
is the t e m p e r a t u r e ;  
is the p r e s s u r e  f luc tua t ion;  
a r e  the ve loc i ty  pu l sa t ions  a long the x and r axes ;  
is the dens i ty ;  
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Ls the dynamic  v i scos i ty  coefficient;  
Ls the spec i f i c  heat  at  constant  p r e s s u r e ;  
is the t he rma l - conduc t i v i t y  coefficient;  
is the t e m p e r a t u r e  fluctuation; 
is the r a t e  of d i s s ipa t ion  of the kinet ic  energy of pulsa t ion  motions;  
~s the dynamic  veloci ty;  
,s the t e m p e r a t u r e  of the lower channel wall;  

is the t e m p e r a t u r e  of the upper  channel wall;  
is the channel hal f -width .  

S u b s c r i p t s  

o conditions at channel inlet; 
w conditions at wall;  

f parameters determined for average-mass temperature of fluid at given channel cross section; 
x running value. 
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